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Abstract

The structure of the phase space of stationary and quasi-stationary (i.e., uniformly translating) solutions of 1D CGLE
is investigated by methods of the qualitative theory of ordinary differential equations. The Nozaki-Bekki holes are seen
as heteroclinic connections which are made structurally stable by an involution symmetry in phase space. The existence
of a countable set of double-loop heteroclinic trajectories is proved, which corresponds to complex “‘shock-hole-shock”
structures both motionless and moving with constant velocity vy along the x-axis.

1. Introduction

We consider the complex Ginzburg-Landau equa-
tion
dis=s— (1+iB)|s’s + (1 +ia)dls, (1)

which describes the spatio-temporal evolution of a 1D
extended system near the Hopf bifurcation point. Eq.
(1) has a family of hole solutions in the form [1]

sn(x — vot, 1) = [An(x — vot) + nuol
X exp[i@y(x —vot) +ipvg(x —vot) —idk], (2)
where
Ap(§) = Atanh(k£),
6, /d€ = k tanh(k£).

Here A, k, and vp are real constants, i is a complex
constant,and p = 1/2(a—8).For ¢ = x—vgt — too,

the solution (2) tends asymptotically to solutions in
the form of plane waves,

sai(€,1) = (/1 — Q™04 =12, (3)

with asymptotic wave numbers @ (for £ — —o0)
and @, (for § — +00). The frequency (2 satisfies the
dispersion relations
2= w(Qi) — voi,
w(Q) =B+ (e~ PO} (4)

From (4) one can readily find

w(Q1) — v = w(@2) — ve0>. (5)

Condition (5) is, actually, the condition of the conser-
vation (in a moving reference frame) of the constant
phase difference between the asymptotic (for § —
+o0) limits of the solution (2).
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Eq. (2) describes a structure moving along the x-
axis with constant velocity vp. For vg =0, (2) takes a
very simple form,

sn(x, 1) = Ap(x)e® 0 —ior ©
where

An(x) = /1 — Q% tanh(kx), N
% = —Q tanh(kx), (8)
dx

The structures (2) and (6) are sources of plane waves
[2]. Another type of solution to (1) we will be inter-
ested in is a shock solution. It is a sink that is formed in
the interaction of two opposing incident plane waves.
The solution corresponding to a fixed (motionless)
shock may be written as

ss(x, 1) =As(x)ei@s(x)—iwt. 9)

Here A (x) > 0, A((x) — /1 —02%,60,(x) —» +0x
for x — *oo0.

Fig. 1 shows the field amplitude distribution typical
of Eq. (1). The distribution contains a sequence of
alternating holes (sources) and shocks (sinks).

Let us make a substitution of variables s(x,t) =
a(x,t)e " inEq. (1) and pass to the reference frame
moving with constant velocity vy. We obtain

&a = vpdga+ (1+i2)a— (1+iB)|al’a+(1+ia)d}a.
(10)

Stationary solutions of the evolution problem (10)
satisfy a system of ordinary differential equations in
R*:

da

— = b,

d¢

b 1+i2  1+iB, , Yo

Lo -, 11
- T 1+ia” Tried e T (b

System (11) will be analysed in detail in this paper.
The phase space structure for vy = 0 will be considered
in Section 2. We will show which phase trajectories
correspond to fixed hole and shock structures and we
will discuss their structural stability. In Section 3 we
will prove the existence of multiloop heteroclinic tra-
jectories corresponding to complex structures which
consist of a sequence of holes and shocks. Finally, the
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Fig. 1. Snapshot of the field amplitude [s(x,tp)| of Eq. (1)
for «a = 0,8 =15 (a) and a = 06,8 = 2 (b) in the region
{-L € x £ L},L >» 1 with periodic boundary conditions.
Motionless structures, i.e. holes (sources) and shocks (sinks),
alternate.

results obtained will be generalized to the case vy # 0
in Section 4.

2. Stationary structures

Let us take vp = 0in (11) and consider a system of
equations

14i02
_ —a

1 +ia

da db

aTh &t

1+ 1‘B|a|2a.

12
1+ia (12)

Note that the case vg = 0 is the physically most inter-
esting case. It was shown in Ref. [3] (see also Ref.
[4]) that, when the right-hand side of (1) is disturbed
by a term of the form d|s|*s, the family of hole solu-
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tions (2) breaks down, and only stationary structures
with vy = 0 are retained.

System (12) has two one-parametric families of
solutions that are periodic along x,

ai(x) = AL by (€) =iQAL PN, (13)

by(§) = —iQAeT %,
(14)

where A = /1 — Q2 and ¢; is an arbitrary constant.
The system of equations (12) is conservative and

reversible (in the sense that x and —x are interchange-

able, i.e., x = —x). There exist two involutions,

a(x) = Aae_igx-*’i‘p2 s

a= —a (15)
and
b= —b, (16)

which map the phase flow of Eq. (11) into itself with
the change x = —x. Besides, the system (11) is in-
variant under the transformation
a=>ae¥, b= b, @y=const. (17)
The validity of these last statements is readily verified
by direct calculations. It is also easy to check that each
of the above mentioned involutions maps the families
of solutions (13) and (14) into each other. This fol-
lows immediately from the statement that the phase
flow is symmetric with respect to the plane a = 0 or
b = 0, with the change x = —x taken into account,
and invariant to a simultaneous turn by an angle ¢g in
the planes a =0 and b = 0.

Let us rewrite (12) for vp = O in a slightly differ-
ent form. Supposing a(x) = u(x)e'*) and using the
relation w = B8+ (a — B)Q? we find

W=v, v'=u@® -0+ Bu*— A,
wp' = 20 + C(u* — A)u, (18)

where ¢ = dp/dx, B = (1 +aB)/(1+a?),C =
(B—a)/(1+a?).

Note that we do not demand the function u(x) to be
positive. Consequently, the functions u(x) and ¢(x)
coincide with the amplitude and phase, respectively,
of the complex variable a(x) only if u(x) > 0. For
u(x) < 0, the variable ¢(x) differs from phase by 7.

System (18) has a dimension smaller than that of
(11) but it contains a singularity in the plane u = 0.
The involutions

u= —u, x= —x, (19)

b=~y
¥ = -4

of system (18) correspond to involutions (15) and
(16) of system (11).
The fixed points

v = —u, X = —X, (20)

Pi={u=A, ¢ =0, v=0}, (21)

Py={u=A, ¢ =-0, v=0}, (22)

of system (18) correspond to the periodic solutions
(13) and (14) of system (11) for ¢; = ¢ = 0. Note
that the two other points,

E:{u=_Aa, (/;:Q, U:O}, (23)
P={u=-A, ¢¥=-0Q, v=0}, (24)

correspond to the same periodic solutions (13) and
(14) but with ¢; = ¢, = 7. Thus, in passing from
(11) to (18), a degeneracy appears due to the fact
that the family of periodic solutions (13) ((14)) now
only corresponds to the singular points P; and Py (P,
and P,).

The types of the singular points P; and P, were in-
vestigated in Ref. [5]. Both these points are saddles,
but P; has a 1D unstable S} and a 2D stable S5 man-
ifolds, while P, vice versa. The type of the singular
point on 2D manifolds is determined by the parame-
ters of the system. The spectrum of each singular point
is purely real if

2
D =B - [2—7 (9) +6] B24+12B, -8 >0, (25)
2 \ A

and complex if D < 0, where B| = B(Aa/Q)Q, C =
C(Ag./Q)? Due to the symmetry of the phase flow
of Eq. (18) withrespecttou=¢ =0andv=¢ =0
(with x = —x), the singular points P;, P, have a
spectrum of eigenvalues coinciding with the spectrum
of the points P, and P,, respectively.

Consider now in more detail the hole and shock so-
lutions of Eq. (1). As mentioned above, a shock so-
lution (9) connects two plane waves incident towards
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each other from +oo. A structurally stable intersec-
tion of the 2D stable S5 and 2D unstable $; manifolds
of the singular points P; and P, corresponds to this
solution in the phase space of system (18) [5]. Struc-
tural stability of the heteroclinic trajectory I's connect-
ing the equilibrium states P; and P, indicates that the
shock is retained at arbitrary disturbance of the right-
hand side of system (18), in particular, at arbitrary
change of the parameters «, 8, and Q. The latter cir-
cumstance demonstrates that, being a sink, the shock
is a “nonself-sustained” structure; instead, it depends
on the behaviour of the field at infinity. It is clear that
in addition to I’y there exists one more heteroclinic
trajectory I connecting the points P, and P;.

The situation is different for the solution (2) of
Eq. (1). Investigation of the hole solution (2) for x —
+o00 verifies that a hole solution in the phase space of
system (18) corresponds to a heteroclinic trajectory
I'y (T) connecting the singular points P, and P;
(P; and P,). One of the trajectories belonging simul-
taneously to the 2D stable and 2D unstable manifolds
of the points (21)-(24) cannot be such a trajectory
because the hole solution is monotonic both for x —
+oc and x — —oo for any value of the parameters and
contains a point at which the field amplitude vanishes.
Thus, the only possibility is the intersection of 1D sta-
ble and unstable manifolds of the equilibrium states
P and P, (P and P,). In the general case, however,
such an intersection is structurally unstable; moreover,
it has co-dimension two in R3. The question is: why,
in spite of this circumstance, do hole structures exist
in a broad interval of the parameters a and 8?

Proposition 1. The intersection of 1D manifolds S}
and S5 (S} and 8}) of the singular points P, and P; (P,
and P»), in the class of dynamical systems possessing
the involutions (19), (20), has co-dimension 1.

Proof. Let the 1D separatrix S} of the singular point
P, intersect the line ¢ = u = 0 at the point a. Such an
intersection is structurally unstable because it breaks
down when the right-hand side of system (18) is per-
turbed and has co-dimension 1. However, the line ¢ =
u = 0 is the involution axis; consequently, the sepa-
ratrix § of the point P; intersects the axis ¢ = u =
0 at the point a too. Thus, the heteroclinic trajectory
connecting the points P; and P, has co-dimension 1.
The same is true for the heteroclinic trajectory cor-

responding to the intersection of the one-dimensional
manifolds S} and S} of the singular points P, and Py,
respectively. The proposition is proved.

It was assumed above that the parameters a, 8 and
Q of system (11) (or (18)) can change independent
of each other. In this case, the intersection of the man-
ifolds S and S (S} and S}) in the phase space of
system (18) is really structurally unstable and disap-
pears when the parameters are perturbed. However,
the situation will change if it is assumed that only two
parameters, €. g. @ and 3, are independent and that the
value of Q depends on & and B. It is clear that the dy-
namical systems possessing such a property will form
a “film” of co-dimension 1.

Proposition 2. For any value of the parameters «
and B giving the real solution Q(«, B) of the equation

Q*(1-B-3CH +Q*(B+3CH) —3C* =0, (26)

there exists a heteroclinic trajectory Iy (I',) moving
from the point Py (P)) to the point P, (P;) and lying
in the plane L = {u,v,¢ : ¢ = (Q/A)u} (L =
(.00 1 ¢ = (Q/A)u}).

Proof. Let us consider the plane L which contains
the points P; and P;. One must note that the trajecto-
ries which belong completely to the plane L have no
singularity on the line u = ¢ = 0 as lim,_o(¢/u) =
const for any curve lying in the plane L and intersect-
ing the axis ¥ = ¢ = 0. Obviously, the phase trajec-
tory will belong completely to the plane L only if the
derivative of the phase flow with respect to the nor-
mal to the plane P equals zero at all points of this
trajectory. The latter condition determines the curve

C= {u,v,c// o= gg(u;2 —Aaz),(// = /%u}
(27)

So, the phase flow of system (18) is tangent to the
plane L at the points lying on the curve C. Now let us
verify that the curve C is really the solution of system
(18) (C is the phase trajectory). Direct substitution of
(27) into (18) shows that the curve C is the solution
of system (18) for all values of Q satisfying (26).
The determinant of (26) is strictly positive and it is
easy to check that the set of values o and B giving
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a real solution of Eq. (26) is not empty. Thus the
proposition is proved.

Note that the analytical expression for the hetero-
clinic trajectory I'y (Eq. (27)) was obtained in the
proof of the proposition. The hole solution of the ba-
sic equation (1), first obtained in Ref. [ 1] by Hirota’s
bilinear method [6], corresponds to this trajectory.

Thus, the symmetry of phase space and the depen-
dence of the parameter Q on a and B explain the fact
that the heteroclinic trajectories corresponding to hole
structures are retained at arbitrary values of a and 8
in Eq. (1).

3. Multiloop trajectories

We now consider the existence of multiloop hete-
roclinic trajectories, i.e., the trajectories to which the
solutions containing several hole and shock structures
correspond.

Definition. The heteroclinic trajectories belonging
simultaneously to the 2D stable manifold of the fixed
point P; (P;) and the 2D unstable manifold of the
fixed point P, (P,) and passing near the heteroclinic
trajectory T, () we will call double-loop trajecto-
ries.

According to this definition the solution containing
two shocks and one hole lying between them corre-
sponds to a double-loop trajectory.

Proposition 3. Let there co-exist in the phase space
of system (18) both types of heteroclinic trajectories
considered above. The first of them corresponds to
the intersections of 1D stable and unstable manifolds
of the singular points P, and P, (P, and P;), and
the second one to the intersections of 2D stable and
unstable manifolds of the points P, and P, (P and
P,). Then there exists a countable set of double-loop
trajectories.

Proof. Suppose that the fixed points (21)-(24) are
saddle-foci and P; has a two-dimensional stable and a
one-dimensional unstable manifolds. Then there cor-
responds to a shock solution a structurally stable hete-
roclinic trajectory I's along which the unstable S} and
stable S5 manifolds of the points P; and P, intersect.

By virtue of the phase space symmetry with respect
to u = ¢ = 0, an analogous intersection (trajectory
T,) occurs for the manifolds S, and S of the singular
points P, and P;.

The simplest double-loop heteroclinic trajectory
T4 originates at the singular point P, moves along
the unstable manifold E; near the trajectory T, en-
ters the neighbourhood of the point P1, then passes
along the curve T, to the neighbourhood of the point
P,, and, finally, moving along I it ends at the point
Py. Clearly, there exists an additional double-loop
trajectory I s, which connects the points P, and P|.

Let us designate by 7}, a global map of a secant
in the neighbourhood of the heteroclinic trajectory I'y
and by Tj a local map in the neighbourhood of saddle-
focus.

Consider the singular point P;. System (18) may
be linearized in the neighbourhood of the saddle-focus
and, by a coordinate transformation, it can be written

©w>0, p=-p, (28)

where (Z,¥,p) are the variables in the local cylin-
drical reference frame in the neighbourhood of the
point P;. Consider the set R = {(Z,4¥,P) : 7 €
(0,711,% = @y, P = Py} lying in the neighbourhood
of the saddle-focus P;. We take the secant Z = Z =
{z:7 =71} and find the set TyR on it.

From the first equation in system (28) we have 7 =
7;=%eM, 7 € (0,Z;]. Then

¢ Po AT

Y =pe(z/71) A (29)

Apparently, Egs. (29) describe the spiral connecting
the points ¥ = @, p = py and p = 0.

Consider the cylindrical surface K = K = {7, 9,7 :
7 € (0,71],9 € [0,27),5 = P, } in the neighbour-
hood of the singular point P;. The intersection of the
two-dimensional manifold §; of the singular point P,
with the surface K occurs along the curve C originat-
ing from the point 7 = 0, p = p,, @ = P, on the trajec-
tory T's and is directed along K towards larger values
of the variable 7.! The curve C € K is topologically

! We analyze the half-space 7 > 0.
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equivalent to the section R € K. Consequently, its im-
age on the secant Z is also a spiral moving to the point
p=0.

Thus, the spiral G originating from the point y =
{(Z.®.p) : 7 =71,p = 0} is the image of the
element D (DN T # 0) of the manifold S, on the
secant Z = {Z : Z =7} in the neighbourhood of the
point P;.

Repeating the same procedure we can show that the
spiral G originating from the point v = {(z, ¢, p) :
z = z1,p = 0} is the prototype of the element D
(DNIs # 0) of the manifold S5 of the singular point
Py on the secant Z = {z : z = z;}, where (z,¢, p)
are the local coordinates in the neighbourhood of the
saddle-focus P;.

The global map 7j, transforms the point ¥ to 7y, and

=, =D .
the spiral G to G with the center at the point y. One

can readily verify that the spirals G and G' rotate
in opposite directions due to phase space symmetry.
Consequently, they have a countable number of inter-
sections. Each intersection corresponds to a double-
loop heteroclinic trajectory connecting the points P,
and P,. Different double-loop heteroclinic trajectories
correspond to the shock-hole-shock structures that
are slightly different in shape. Thus, the proposition
is proved.

Note that the centers of the spirals G and G'" donot
coincide in the absence of the heteroclinic trajectory
I'y. However, if the manifolds S5 and 3“,— of the singular
points P,, P, are sufficiently close to each other, the
spirals intersect, although the number of intersections
is now finite rather than countable.

It is clear that more complicated n-loop (n > 2)
heteroclinic trajectories may exist too. The proof of
this statement is more complicated than the proof of
Proposition 3. However, such a proof may be given by
analogy with that presented above.

4. Nonstationary structures (vg # 0)

For vg # 0, the system of equations (11) is not
reversible, like in the case vy = 0. But the phase flow
is also invariant to the transformation (17).

We suppose, as before, that a(x) = u(x)e¥®) and
transform system (11) into the form

l
u =uv,

v =u(y? - Q) + B(u? — AL)u
+ avgD(Q, — ¢)u — vyDv,
up’ = =20 + C(u? — A%)u
+ voD(Q) — ) u + aveDu, (30)

where ¢y = dp/dx, D = 1/(1 + a?), and A, =
/1 — Q2. System (30) has the following fixed points,

Pl={u=A, ¢y=01, v=0}, (31)
Pi={u=A2 ¢ =0, v=0}, (32)
Pl={u=—-A, ¢ =0, v=0}, (33)
Pl={u=—A, =0, v=0}. (34)

Note that the asymptotic wave numbers Q; and Q, are
related by @ + Q1 = vo/(a — B). Consequently, for
vo — 0, the equilibrium states (31)-(34) transform to
(21)-(24). The condition of invariance (17) reduces
for system (30) to the condition of phase flow invari-
ance under the transformations u = —u, v = —v.
The stability of the singular points (31)-(34) may
be found directly from the analysis of the linearized
system (30). However, by virtue of continuous de-
pendence of the roots of algebraic equation on its co-
efficients, we can state that the character and stability
of the singular points (31)-(34) and (21)-(24) co-
incide for sufficiently small vg. If there exists, for vy =
0, a structurally stable heteroclinic trajectory connect-
ing the points P; and P, (P; and P;) then, for small
enough vp, there exists a structurally stable hetero-
clinic trajectory corresponding to the intersection of
two-dimensional stable and unstable manifolds of the
singular points P) and P, (P| and P;). In terms of the
initial equation (1) this corresponds to a shock solu-
tion moving with constant velocity vg along the x-axis.
The intersection of one-dimensional stable and unsta-
ble manifolds of the singular points P/ and P} (P{ and
P;) corresponds to hole solutions moving with con-
stant velocity vg. It is noteworthy, however, that the
problem of structural stability of the heteroclinic tra-
Jjectories corresponding to moving holes is more com-
plicated than in the case vp = 0. The system of equa-
tions (30) is not invariant under the involutions (19)
and (20). Consequently, the given heteroclinic trajec-
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tories should have co-dimension 1 even if the parame-
ters 7 and O, depend in a certain way on & and 8. The
existence of these trajectories at arbitrary values of a
and B, as was ascertained in the works of Nozaki and
Bekki [1], indicates that additional symmetries which
are more complicated that those considered above are
present in system (30). Thus, the results of Proposi-
tion 3 about multiloop trajectories can be carried over
to the case vg # 0 only under the assumption of the
existence of structurally stable heteroclinic trajectories
connecting the singular points, supplemented by lo-
cal analysis of phase flow in the neighbourhood of the
saddle-focus. Such multiloop heteroclinic trajectories
correspond to complex shock-hole-shock structures
moving with constant velocity vg.

5. Discussion

The results presented in this paper indicate that
Eq. (1) has solutions describing complex structures,
both moving and at rest, consisting of a sequence of
holes and shocks. We would like to emphasize that
we did not consider stability of these solutions. It is
a nontrivial problem even for the solutions describing
isolated holes (see, e.g., Refs. [4,7]).

Still another important issue is related to structural
stability of the solutions of interest at weak distur-
bances in the right-hand side of system (1). This prob-
lem was analysed in Ref. [3] in applications to the
isolated holes. It was shown that the family of holes
disappears and only motionless structures are retained
under perturbations of the form d|s|*s, d < 1 (the
most typical in terms of the asymptotic theory). The
fact that motionless structures are retained can also
be explained in the context of the analysis of phase
space structure presented above. Indeed, when the ad-
ditional term d|s|*s is introduced into the right-hand
side of Eq. (1), system (12) retains the involutions
(15) and (16). Consequently, at appropriate choice
of the value of Q, the heteroclinic trajectories corre-
sponding to holes will exist in a broad region of val-
ues of the parameters o and B (at least ford < 1).
Note that these trajectories will no longer lie in a two-
dimensional plane in three-dimensional space. As to
the moving holes, we can only make a supposition
that the symmetries considered in the previous section
vanish at d # 0.

The same holds true for the solutions describing
complex shock-hole-shock structures. The corre-
sponding heteroclinic trajectories, that are structurally
stable, exist at sufficiently small d # 0. It is signifi-
cant that there may exist not only motionless but also
moving structures of this type. Indeed, when proving
the existence of the muitiloop heteroclinic trajectories
corresponding to these structures (Proposition 3) we
showed that a finite (but not countable) number of
such trajectories exists even when one-dimensional
manifolds of singular points do not intersect. These
intersections disappear at d # Oand vy # 0. Whereas
the intersection of two-dimensional stable and un-
stable manifolds is retained, as well as the structure
of phase space in the neighbourhood of saddle-focus
that was used in the proof of Proposition 3. Hence, a
countable number of motionless and a finite number
of moving structures of the shock-hole-shock type
will exist for d # 0.

Acknowledgement

We wish to thank L. Glebsky for fruitful discussions
and useful comments. MB and MR wish to thank the
Russian Foundation for Basic Research (project code
N 94-02-03263-a) for support of this research. MB
thanks the Center for Chaos and Turbulence Studies
for hospitality and support while this work was initi-
ated. TB thanks the Danish National Research Coun-
cil for support. The work of MR was also supported in
part by the U.S. Department of Energy under contract
DE-FG03-96ER 14592.

References

[1] K. Nozaki and N. Bekki, J. Phys. Soc. Japan 53 (1984) 1581;
Phys. Lett. 110 A (1985) 133.

[2] W. Saarloos and P.C. Hohenberg, Physica D 56 (1992) 303.

|3} I. Aranson, L. Kramer, S. Popp, O. Stiller and A. Weber,
Phys. Rev. Lett. 70 (1993) 3880.

{41 S. Popp, O. Stiller, I. Aranson and L. Kramer, Physica D 84
(1995) 398.

[5] T. Bohr, G. Huber and E. Ott, Europhys. Lett. 33 (1996)
589; unpublished (1995).

|6] R. Hirota, Direct methods in solitons theory, in: Topics in
current physics, Vol. 17. Solitons, eds. R.K. Bullough and P.J.
Candrey (Springer, Berlin, 1980).

[7] H. Chate and P. Manneville, Phys. Lett. A 171 (1992) 183.



